Solution of Nonlinear Equations

In many engineering applications, there are cases when one needs to solve nonlinear algebraic or
trigonometric equations or set of equations. These are also common in Civil Engineering problems.

There are several ways of dealing with such nonlinear equations. The solution schemes usually
involve an initial guess and successive iterations based on the initial assumption aimed at converging to a
value sufficiently close to the exact result. However, the solutions may not always converge to real values
and the speed of convergence depends on the accuracy of the solution assumed initially.

Trial and Error Method
Conceptually this is the easiest of all the methods of solving nonlinear equations. It does not require

any theoretical background and is particularly convenient with graphical tools. For example, the solution
of the nonlinear equation f(x) = x* — cos (x) —2.5 = 0 in EXCEL involves writing the values of x in one

column and calculating the corresponding values of f(x) until it is sufficiently close to zero.

X f(X)
1.0 | —2.0403023
1.1 | -1.6225961
1.2 | -1.1343578
1.3 | —0.5704988
1.4 | 0.0740329

From the table above, it is clear that the equation has a solution between 1.3 and 1.4 (closer to 1.4).

Therefore, further iterations may lead to the following

X f(X)
1.38 | —0.0615688
1.39 | 0.0058060

Thus, a solution between 1.38 and 1.39 (closer to 1.39) may be sought. Eventually, trial and error can
establish 1.3891432 as a sufficiently accurate solution. This method is guaranteed to converge.
Iteration Method

This method arranges the nonlinear equation in a manner as to separate x on one side and a
function g(x) on the other, so that successive values of x results in values of g(x), which can be
used as x for the next iteration until a solution is reached.

For example, x>~ cos (x) —2.5 = 0 can be rearranged as x = (cos (x) +2.5)"® = g(x)

9(x)
14486793

X
1.0

1.4486793

1.3789037

1.3789037

1.3908790

1.3908790

1.3888482

It is clear that x is converging to the exact value. However, this method does not guarantee a

converged solution; e.g., x = cos *(x*~2.5) doesn’t converge even with an initial guess of x=1.39.




Bisection Method

and if f(x,) and f(x,) are of opposite signs, then f(x3) = O for at least one number X3 such that x;< Xs< X,’.

for convergence will depend on the interval (x,—x;) and the tolerance (¢). A FORTRAN program

implementing the algorithm involved in this method is shown below.

10
11

The basic principle of this method is the theorem that ‘If f(X) is continuous in an interval x; < X3 < X,

This method is implemented using the following steps

1. Assume two values of X (i.e., X; and X;) such that f(x;) and f(x;) are of opposite signs
2.
3.

Calculations for the example mentioned before can be carried out in the following manner

Calculate x3= (X; + X2)/2 and y; = f(x3)

(i) Replace x; by x5 if f(x;) and f(x3) are of the same sign or

(i) Replace x; by x; if f(xz) and f(x3) are of the same sign.

Return to Step 2 and carry out the same calculations, until the difference between successive

approximations is less than the allowable limit, «.

X f(x)
1.0000000 | —2.0403023
2.0000000 | 5.9161468
1.5000000 | 0.8042628
1.2500000 | —0.8621974
1.3750000 | —0.0949383
1.4375000 | 0.3375570
1.4062500 | 0.1171095
1.3906250 | 0.0100452

READ* X1,X2,EPS
N=LOG(ABS(X2-X1)/EPS)/LOG(2.)
Y1=FUN(X1)

Y2=FUN(X2)
IF(Y1*Y2.GE.0)THEN
PRINT*X1,Y1,X2,Y2

GOTO 11

ENDIF

DO I=1,N

X3=(X1+X2)/2.

Y3=FUN(X3)
IF(ABS(X1-X2)/2.LT.EPS)GOTO 10
IF(FUN(X1)*Y3.GT.0)X1=X3
IF(FUN(X2)*Y3.GT.0)X2=X3

ENDDO
PRINT*,X3,Y3,|
END
FUNCTION FUN(X)
FUN=X**3-COS(X)-2.5

END

The method is guaranteed to converge provided a solution does exist. The number of steps required




Secant Method
Like the Bisection Method, the Secant Method also needs two assumed solutions of the given
equation to start with. However unlike the Bisection Method it does not proceed by successively bisecting

the range of solutions but rather by linear interpolation/extrapolation between assumed values.

-

T Slope = {f(x:)-F(x)}(xe — xo) = F) (2 — X0)
f(x2)

X3 X1 Xo X

f(x)

This method is implemented using the following steps

1. Assume two values of x (i.e., X; and X,) and calculate f(x,) and f(xy)

2. Calculate X3= X, — f(X2) (X2 — X )/{F(X2)—F(X1)}

3. Return to Step 2 and carry out the same calculations, replacing x; and x, by x, and x; until the
difference between successive approximations is less than the allowable limit, .

Calculations for the example mentioned before can be carried out in the following manner. If x; and

Xz are 1.0 and 1.2 respectively, both f(x;) and f(x,) are positive and the following calculations result.

X f(X) X3

1.0000000 | —2.0403023 Fkkkkokkkok

1.2000000 | —1.1343578 | 1.4504254 [x, = 1.0000000, x, = 1.2000000]
1.4504254 | 0.4312287 | 1.3814477 [x,=1.2000000, x, = 1.4504254]
1.3814477 | —0.0518677 | 1.3888535 [x; = 1.4504254, x, = 1.3814477]
1.3888535 | —0.0019618 | 1.3891446 [x, = 1.3814477, x, = 1.3888535]
1.3891446 | 0.0000095 | 1.3891432 [x, = 1.3888535, x, = 1.3891446]
1.3891432 | 0.0000000 | 1.3891432 [x; = 1.3891446, x, = 1.3891432]

But if x; and x; are 1.0 and 2.0 respectively, f(x;) and f(x,) have opposite signs. One variation of the

Secant Method (Regula Falsi Method) requires f(x;) and f(x,) to have opposite signs at each iteration.

X f(X) X3

1.0000000 | —2.0403023 foliaioiaiaaioied

2.0000000 | 5.9161468 | 1.2564338 [x; = 1.0000000, x, = 2.0000000]
1.2564338 | —0.8257715 | 1.3475081 [x; = 1.2564338, x, = 2.0000000]
1.3475081 | —0.2746616 | 1.3764566 [x; = 1.3475081, x, = 2.0000000]
1.3764566 | —0.0852390 | 1.3853129 [x, = 1.3764566, X, = 2.0000000]
1.3853129 | —0.0258789 | 1.3879900 [x, = 1.3853129, x, = 2.0000000]
1.3879900 | —0.0078044 | 1.3887963 [x, = 1.3879900, x, = 2.0000000]
1.3887963 | —0.0023489 | 1.3890389 [x, = 1.3887963, x, = 2.0000000]

The Secant Method is guaranteed to converge and convergence is faster than the Bisection Method.




Newton-Raphson (Tangent) Method

Instead of linear interpolation/extrapolation between two points by a chord as done in the Secant
Method, the Newton-Raphson Method proceeds through tangents of successive approximations. Only one
assumed solution of the given equation is needed to start the process. If X, is to be the solution of the
nonlinear equation f(x) = 0 and x; is the first estimate, then f(x;) = 0. Therefore Taylor’s series =

f(x2) = F(X0) + (Xo=X1) F(X2) + [(Xo=X0) 21T F"(X0) +- oo

= 0= f(xy) + (Xz—X1) F'(X1) = Xz = X3 —F(x2)/F' (x1)

f(x)

Therefore, the Newton-Raphson Method requires only one initial guess. However, it also requires the
first differentiation f'(x;) of the function f(x,).
Calculations for the example mentioned before [f(x) = x®— cos (x) —2.5 = 0] can be carried out in the

following manner, assuming x; to be 1.0. Therefore, f/(x) = 3x*+ sin (X)

X1 f(x1) (%) X
1.0000000 | -2.0403023 | 3.841471 | 1.5311253
1.5311253 | 1.0498246 | 8.032247 | 1.4004240
1.4004240 | 0.0769448 | 6.869084 | 1.3892224
1.3892224 | 0.0005366 | 6.773378 | 1.3891432
1.3891432 | 0.0000000 | 6.772703 | 1.3891432

The Newton-Raphson method does not guarantee converged correct solution in all situations. The
convergence of this method depends on the nature of the function f(x) and the initial guess x;. With f'(x)
being the denominator on the right side of the main equation, the solution may diverge or converge to a
wrong solution or continue to oscillate within a range if the slope f'(x) of the function tends to zero in the

vicinity of the solution; i.e., if f'(x) = 0 anywhere between the initial guess x; and the actual solution.

f(x)




Solution of Simultaneous Linear Equations
It is common in many engineering (also Civil Engineering in particular) applications to encounter
problems involving the solution of a set of simultaneous linear equations. Their Civil Engineering
applications include curve fitting, structural analysis, mix design, pipe-flow, hydrologic problems, etc.
Simultaneous equations can be solved by direct or indirect methods. The direct methods lead to the
direct solution without making any prior assumption. The indirect solution schemes usually involve initial
guesses and successive iterations until convergence to a value sufficiently close to the exact result.

Problem Formulation

A set of N linear equations can be written in the general form

Al Xi+ADRXo T oo, + Ay Xn= by
Apt X1+ A Xo+ oo, + Aoy Xn= by
A Xt F AN X T oo + ANy XN = bN

This can be written as [A]{x} = {b}, where [A] is a (NxN) matrix, {x} and {b} are (Nx1) vectors

Solution of Two Simultaneous Independent Linear Equations

2X1— X, =4 2 — X1 4
— =
3X; +4x, =-5 3 4 X2 -5

1. Matrix Inversion

x| |2 —1“1{4}_’4 —3T{4} 1 (w11 vy (4] (1
.| 8 4 ls) 0 2) ls)] o3y |31 211)|s _{—2}

2. Cramer’s Rule

X =04 -1 2 -1 |={4x4-(-Dx (-5}{2x4 - (- 1)x3}=11/11=1
5 4 / 3 4
X =12 4 2 -1 |[={2x(-5) — 4x3}{2x4 — (-1)x3} =-22/11 =-2
3 -5 / 3 4

3. Gauss Elimination

= — =
3 4)(x) |5 3-(32)2  4-(32)(-1)) |x 11

X =-11/55=-2,x, =(4+x,)/2=2/2=1

4, Gauss-Jordan Elimination

B e o S S 1 o s

S X = -11/55 = 72, Xy = 22=1



Solution of Three Simultaneous Linear Equations

2X1*X2*X3=5 2 -1 -1 X1 5
3X1 + 4X, =-5 — 3 4 0 X, t =4{-5
X1 —5Xx3= 6 1 0 -5 X3 6

1. Gauss Elimination

-1 -1 2 -1 -1 5
= |0 55 15 -125]|[ry=r,—(3/2) 4]
0 -5 0 05 —-45 35 | [rs'=r3—(1/2)r]
5 X3 = 4.64] (— 4.64) = —
=> |0 55 15 -125 => X,={ 125 1.5x ((1)}/55=—2
0 0 -464 464) [r3"=ry—(0.5/5.5)1,] %= {5+ 1x (1) + 1x (2} 2=1

2. Gauss-Jordan Elimination

~1 -1 2 -1 -1 5
—> |0 55 15 -125|[r/=r—(3/2) 1]
0 -5 0 05 —45 35 ) [rs=r:— (1/2) 1]
~0.73 273\ ['=r/— (155171 (2 0 0 2 ['=r'"—(-0.73/(-4.64)) ry"]
:>E 55 15 -125 =>|0 55 0 -11 |[r,"'=r,"— 1.5/(— 4.64) "]
464 464 ) [rs"=1y—(05/55)r,] 0 0 —4.64 4.64

X1 =2/2=1,%x,=-11/55=-2, x3=4.64/ (-4.64) =



Practice Problems on Simultaneous Linear Equations

If materials A and B are mixed at a 1:3 ratio, the density of the mixture becomes 2.15 gm/cc. If the
density of B is 1.00 gm/cc more than the density of A, calculate the density of A and B using the
Matrix Inversion method.

The axial capacity of a 160 in? column of steel ratio 2% (i.e., steel area/gross area = 0.02) is 500 Kips.
A 120 in* column can obtain the same axial capacity if the steel ratio is increased to 5%. Using
Cramer’s Rule calculate the axial strength (axial capacity per unit area) of concrete and steel.

A student takes three courses (Surveying, Math and Drawing) of credit hours 4, 3 and 1.5 respectively
in a summer semester. He gets equal scores in Surveying and Math and scores 80% in Drawing. If his
average semester grade in 70%, calculate the scores in all the subjects using Gauss-Jordan Method.

In an essay competition, the first prize was worth Tk. 2000 comprising of three books, two pens and a
crest, the second prize was worth Tk. 1500 comprising of a book, two pens and a crest while the third
prize was worth Tk. 1000 comprising of a book, a pen and a crest. Using Gauss Elimination, calculate
the cost of each book, pen and crest.

The costs of concrete mixes (by volume) at the ratios 1:3:6, 1:2:4 and 1:2:3 are 200, 225 and 240
Taka/ft® respectively. Calculate the cost per ft? of cement, sand and coarse aggregate using Gauss

Elimination.



General Algorithm for Gauss Elimination

1. Triangularization:
The first task of Gauss Elimination is to transform the coefficient matrix A to an upper triangular

matrix. This is performed as shown below.

//A-ll A12 A13 .................... AlN B\l

A21 Azz A23 .................... AZN Bz
A31 A32 A33 .................... A3N B3
Ar A As ... Ao An B,

&1-1 AlZ A13 .............. AlN B]_ \

0 Ax—rn(A) Ax—Tu(Az)coeenn... Aon—T21 (Aln)  Ba—121(By) | [ran=As/Aud]
= | 0 Apx—ra(A) Ass—ra(Am)eeen..... Asn—rar (Ain)  Bs—r31 (Br) | [rs=Asi/Aui]
0 Az-ri(An) ... Aij—ris (Ag)...... An—rii (Ain)  Bi—rip (By) | [rii= Ai/Aul]
\0 Anz— g (Az)  Asn—Tar (AN eeeneeen. Ann—Ine (Ain)  Bn—Taa (By [rne= And/Adi]
Gﬂ A Agg e A B \
0 A Agg e Ao\ B,
—> | 0 0 A= 13 (A2) e Asn'— I3 (Aon') Bs'—13,/(By) | [rso'= As'1A']
0 0 AT (Ao, A~ i’ (Aan') BY =112’ (BY) | [ro'= An'lAz]
0 0 AN T30 (AN AT (Aa') Br'—rn2'(B2) | [rng'=An2'/A%']
and so on. \ /

~Ingeneral, Ay® = A P -1, & (Ag) *Pand BY = B* P — 1, &P (By) &P

where r;, & = A EDIAED. Here k varies between 1~(N—1), while i and j vary between (k +1)~N.
2. Back Substitution:

Once the matrix A is transformed to an upper triangular matrix, the unknowns can be calculated by
Back Substitution. This is performed as follows.

Xn = Bn/ANN

Xn-1 = (Bnaa— Ancan Xn)/AN-1 N1

Xn-2 = (Bnz— Anz, N1 Xnaa — Ancan Xn)/An-2, n-2 and so on.

~.In general, X; = (B; —2Aix XK )/Ai; where > is a summation for k varying between (i +1)~N. In

computer programs, the vector {X} is rarely introduced; the unknowns are stored in the vector {B} itself.



FORTRAN program to implement Gauss Elimination:

12
11
10

14
13

N1=N-1
DO 10 K=1,N1

K1=K+1

C=1/AK,K)

DO 11 I=K1,N

D=A(I,K)*C

DO 12 J=K1,N

A(1,9)=A(1,3)-D*A(K,J)
B(1)=B(1)-D*B(K)
CONTINUE
B(N)=B(N)/A(N,N)

DO 13 1=N1,1,-1

11=1+1

SUM=0.

DO 14 K=I1,N
SUM=SUM+A(I,K)*B(K)
B(1)=(B(1)-SUM)/A(l1)
END

Numerical aspects of Direct Solution of Linear Equations

1.

Pivoting: A key feature in the numerical algorithm with Gauss (or Gauss-Jordan) Elimination is the
triangularization (or diagonalization) of the [A] matrix. This is performed by equations like
A = Aij— (AillAw) (Ay) and B{' = Bi— (Ai/Aw) (Bi)

keeping the k™ row as the ‘pivot’ around which the solution hinges. Therefore if the diagonal
element Ay becomes zero at any stage of the computation, the solution process cannot advance
further. Then it may be necessary to interchange rows (or columns) in order to get the solution. For
example, the equations 2x; + 2x, + X3 = 5, X1 + X + X3 = 3 and 2x; + X3 = 3 require such adjustment.

Even if Aw # 0, it may be necessary to interchange the rows for better accuracy. Sometimes
columns are interchanged in order to use the largest element of the row as the “pivotal’ element.
Singular [A] matrix: The determinant of a singular matrix is zero; i.e., [A] is singular if |A] = 0. In
such cases it is not possible to obtain a solution of the set of equations because the solution vector is
{X} = [A]{B}, where [A]" is the inverse matrix of [A] is given by [A]”|A|. Thus {X} is not
determinate if |A| = 0; e.g., the equations 2x; + X, = 0 and 4x; + 2x, =5 have no solution.
Ill-conditioned [A] matrix: Even if [A] is not singular, it may pose numerical problems if |A| is
‘small’ (compared to the terms of [A]). In such cases, a small difference in [A] or {B} may lead to
large variations in the solutions. Therefore [A], {B} must be known with precision and the solution
must be performed accurately; e.g., solutions of {100x; + 99%, = 1; 99x; + 98%, = 1}, {100x; + 99x, =
1; 99x; + 98.1x, = 1} and {100x,; + 99x, = 1.1; 99x, + 98x, = 1} are much different from each other.
Banded Matrix and Sparse Matrix: The elements of a Banded Matrix are concentrated mostly around

the diagonal, while elements of a Sparse Matrix are widely spread away from the diagonal.



Iterative Methods for Solution of Simultaneous Equations
If the system of equations is diagonally dominant, iterative schemes can be used conveniently to solve
them. For large systems, the computational effort needed in these methods is less than the direct solutions
if a suitable initial estimate can be made. These schemes can also be used for nonlinear equations.
1. Jacobi’s Method

The general solution for this method can be written as X; = (Bi—2Aix Xk )/Aij, if Aji= 0
wherei=1,2,...... N and . is a summation for k = 1~ N (but k = i).

A sequence of solution vectors can be generated from X{™" = (B;—XAix X™)/A;;
For example

Xl(m+1) =(5+ Xz(m) + Xs(m)) /2

%™V = (-5 -3x,™)/4

x3™Y = (=6 + x,™)/5
x™ x, ™0

2X1—X2—X3 =5
=5 =

X1 —5X3: 6

3X;1 + 4X,

{0.0000, 0.0000, 0.0000}

{2.5000, —-1.2500, —1.2000}

{2.5000, —-1.2500, —1.2000}

{1.2750, —-3.1250, —0.7000}

{1.2750, —-3.1250, —0.7000}

{0.5875, —2.2063, —0.9450}

{0.5875, —2.2063, —0.9450}

{0.9244, -1.6906, —1.0825}

{0.9244, -1.6906, —1.0825}

{1.1134,-1.9433, -1.0151}

2. Gauss-Seidel Method

This is a modified version of Jacobi’s Method that uses the most recently updated values of X; in the

subsequent calculations. The solution for this method for the m™ and (m+1)™ iterations can be written as

Xi(m+l) = (Bi2Aix Xk(m+l) —2Aix Xk(m))/Ai,i

where the first 2 is a summation for k = 1~ (i-1) and the second . is a summation for k = (i+1)~N.
X2(m+l) - (_5 _3X1(m+l))/4

X3(m+1) — (—6 + Xl(m+l))/5

2X1—X2—X3 =5
=_5 —

3X1 + 4%,

X1 —5X3= 6

™

XD

{0.0000, 0.0000, 0.0000}

{2.5000, —-3.1250, —0.7000}

{2.5000, —3.1250, —0.7000}

{05875, ~1.6906, —1.0825}

{05875, ~1.6906, —1.0825}

{1.1134, 2.0851, 0.9773}

The exact solution of these equations is X;= 1, Xo= -2, X3=-1

For nonlinear equations, direct iteration schemes like [A™]{X ™Y} = {B™} (or Newton-Raphson

Method) can be used . Here, both the matrix [A] and vector {B} are functions of the solution vector {X}.




Lagrange Interpolation

The general equation of a polynomial of n-degree is

y=f(X)=ag+aiX+a X+ .coeeeeeennnn.., ax" (1)
which can be rearranged as

F(X) = (X—X1) (X—X2)....(x=Xp) Co+ (X—Xg) (X—X2)....(x—Xp) C1+...(X—Xg) (X—X2)....(XXn1) Cp ...... 2)

The evaluation of coefficients ¢, Cy,........ ¢y, IS much easier than the evaluation of coefficients ay,

Ayevenenn a,. Whereas the evaluation of coefficients ag, a;........ a, needs the solution of n simultaneous
equations, coefficients co, Cj........ cncan be evaluated directly.

For example, putting X = Xqin Eq. (2) =

f(Xo) = (Xo—Xl) (Xo—Xz). .. .(Xo—Xn) Co > Co= f(Xo)/ (Xo—Xl) (Xo—Xz). .. .(Xo—Xn) veee(3)
Similarly, putting x = X;in Eq. (2) = ¢, = f(X1)/(X1—Xo) (X1—X2). . ..(X1—Xp) N (73
Finally, putting X = X,in Eq. (2) = ¢, = f(X)/(Xi—X0) (Xn—X1). . ..(X—Xn-1) eren(B)

Thus, all the coefficients can be evaluated directly without going through the process of simultaneous
solution. Therefore, EQ. (2) can be written as
(%) = (xX1)(XX2). . ..(xXn) {(Xo—X1) (Xo—X2). . ..(Xo—X%n) }f(X0)
+ (XX0) (X—X2). . .. (xXn) [{(X1—X0) (X1—X2). . .. (X1—Xn) }f(X1)
Foot XX (XX2). .. XK ) K X0) KX ... (KX ) M (X)L (6)
Example
Find the equation of the polynomial passing through (0,0), (1,2), (2,3) and (3,0)
Here,n =3, X,=0, f(Xg) =0, X; = 1, f(X1) =2, X, = 2, f(X») = 3, X3 =3, f(x3) =0
Therefore, f(x) = (x-1)(x-2)(x-3)/{(0-1)(0-2)(0-3)} 0 + (x-0)(x-2)(x-3)/{(1-0)(1-2)(1-3)} 2 +
(x—0)(x—-1)(x=3)/{(2-0)(2-1)(2-3)} 3 + (x-0)(x-1)(x-2)/{(3-0) (3-1)(3-2)} 0
= X (X=2)(x=3) —X (x-1)(x-3) 3/2



Newton’s Divided Difference Interpolation
Let y = f(X) be the general equation of a polynomial of n-degree that passes through points Xg, X1, Xa,....Xq.

A 1* order divided difference equation for (X, Xo) is given by

fIX, Xo] = {f(X) —fXo)H(X —Xo) = f(X) =f(Xo) + X —%o) f[X,x] ... (1
Similarly, a 2™ order divided difference equation for (X, Xo, Xy) is

X, Xo, X1] = {f[X, Xo] — f[Xo, XdJH(X — X1) = f[X, Xo] = f[Xo, X1] + (X — X1) f[X, X0, X1] ... 2)
and a 3" order equation for (X, Xo, X1, X2) is f[X, Xo, X1, Xo] = {f[X, Xo, X1] — f[Xo, X1, X2] H(X — X2)

= f[X, Xo, X1] = f[Xo, X1, Xo] + (X —X2) [X, X0, X1, %] .. 3)
Combining (1) and (2), f(x) = f(Xo) + (X — Xq) f[Xo, X4] + (X —Xo) (X —X2) f[X, X0, X4] ... 4
Therefore, the equation of a 1-degree polynomial is

fX) =f(xo) + X—Xo) flXo0,xd ®)

where f[Xo, X1] = {f(Xo) — f(x1)}/(Xo — X1)
Similarly, combining (3) and (4),
f(X) = f(Xo) + (X — Xo) f[Xo, X1] + (X = Xo) (X —X1) f[X0, X1, Xa] + (X —X0) (X —X1) (X —X2) f[X, Xo, X1, Xz] ....(6)
.. Equation of a 2-degree polynomial is f(x) = f(Xg) + (X — Xo) f[Xo, X¢1] + (X — Xo) (X — X1) f[Xa, X1, X2] .....(7)
where f[Xo, X1] = {f(Xo) — f(X1) }/(Xo — X1), f[X1, X2] = {F(X1) — F(X2) }/ (X1 — X2)
and f[xo, X1, X2] = {f[Xo, Xa] = F[X1, %I} (X0 — X2)
The general equation of polynomial of n-degree is therefore

f(X) = f(Xg) + (X — Xo) f[Xo, X1] + (X = Xg) (X — X1) f[Xo, X1, Xo] +.........

+ (X —Xo) (X —X1)..... (X —Xn1) f[Xo, X,...... Xn] U €3

Example

Find the equation of the polynomial passing through (0,0), (1,2), (2,3) and (3,0)

x | f(x) | 1% order difference | 2™ order difference | 3" order difference
0] O
(2-0)/(10) =2
1] 2 (1-2)/(2-0)= 05
(3-2)/(2-1)=1 (—2+0.5)/(3-0) = 0.5
2| 3 (-3-1)/(3-1) =2
(0-3)/(32)=-3
31 0

() = f(0) + (x-0) f[0,1] + (x-0) (x~1) f[0,1,2] + (x-0) (x~1) (x-2) f[0,1,2, 3]
=0+ X (2) + X (x-1) (-0.5) + X (x-1)(x-2) (-0.5) =— 0.5 x* + x*+1.5 x



Curve Fitting using the Least-Square Method

The Principle of Least Squares

The least-square method of curve fitting is based on fitting a set of data to a particular equation so that
the summation of the squares of distances between the ‘data ordinates’ and ordinates from the ‘best-fit
curve’ is the minimum.

Therefore, if a set of data (x;, y;) [i=1~m] is fitted to an equation y = f(x), the least-square method
minimizes the summation S= >{y; — f(x;)}* by adjusting the parameters of f(x).

Fitting of Straight Lines

If a set of data (x;, y;) [i=1~m] is to be fitted to a straight line passing through origin with an assumed

equation y = a; X, the least-square method minimizes the summation

S=X(yi—ax)? (1)
If S is minimized, 8S/da; = 0 = J[X(y; — a1 X))°]/da; = 0 = X2(y; — arx;) (=x;)= 0
S2Y(XxYitaxH)=0=-Sxyi+aXx?=0 . ()
L= YXYIEXE (3)
-.0nce a, is known (= Xx; yi/2x), the equation of the best-fit straight line is also known.
If the assumed equation is y = a + a; X, then summation S = X(Yi — @p— a1 X)*>  eevvvrrnneernins @)
If S is minimized, 0S/0a,=0 = 22(yi—ay— a1 X)) (-1)=0 = -2y + 2a,+ 2a;X;=0
>Ma+Ex)a=2yi 5
also 6S/0a;= 0 = 32(yi — ap— aXi) (-X) = 0= —3Xyi + YapXi+ Ya; x°= 0
= Ex)a+t CxDar =Xy (6)

.apand a; can be calculated from Egs. (5) and (6) and used in the equation y = ag+ a; X

Example
Derive best-fit straight lines y = a; x and y = ap + a; X for points (0,1), (1,2), (2,4), (3,5) and (4,6).
(i) For the assumed equation y = a; X, a; = Y.X; Vil 2.xi2
Here, Yx? = 0°+12+2%+3%+4% = 30, Y.X;y; = Ox1+1x2+2x4+3x5+4x6 = 49 = a, = 49/30 = 1.633
-y =1.633xand S =X(y; - 1.633x)° = 1.967
(ii) For the assumed equation y = ag+ a; X
m =5, XX = 0+1+2+3+4 = 10, Yx?= 30, Xy; = 1+2+4+5+6 = 18, Y.x;y; = 49
=5 +10a;=18;10a;+308;=49=>4a,=1.0,2;=1.3
~y=1+13xandS=3(yi—1-1.3x)°=0.30



Fitting of Polynomials

If a set of n data points (x;, yi) [i=1~m] is to be fitted to a polynomial of n degree with an assumed
equationy = ag+ ay X + @ X+ ..vveeeeiennnn., a X" (7

the least-square method described before can be extended to minimize the summation

S = (Yi— A — A Xi— B XiP— e, anxi)? (®)
If S is minimized, 0S/0a,= 0 = 2.2(Y; — ag— a1 Xi— &, X2 e, ap X)) (-1)=0
= (M) ap+ (XX) &+ (XX7) A+ .ooeeeeeei CxMNan=2yi 9)
3SIda; =0 = (X)) ag+ (IX2) ay + (IX°) @+ cooeeennnn. Cxi™) a,= 2y ceeeeeeee(10)
8Sl6a,=0= (X" ap+ (XX ar+ (XX apt vevnnnn.nn.. P EED YA (11)
.. Coefficients ag, ay, ay,...... a,can be evaluated from the matrix equations shown below.
/ m X IXZ oo, inﬁ [ 3, ) [ i )
IXi IXT IXE e, >xi™t a X Vi
X2 IXS OIXt >x™? Jat =< IxPyis
\in” xS inz"/ \ a | | X" yL
Example

Derive the best-fit equation y = a, + a; X + a, x*for the points (0,1), (1,2), (2,4), (3,5) and (4,6).
The following summations are needed for the assumed best-fit equation y = a, + a; X + a, X*
m =5, ¥x;= 10, Xx = 30, x> = 0+1+8+27+64 = 100, ;' = 0+1+16+81+256 = 354
Yyi= 18, Ixiyi = 49, Yx7yi = 0x1+1%x2+2°x4+32x5+4°x6 = 159
= 5a,+10a;+ 30a,=18;10ag+ 30a;+ 100 a,=49; 30 a; + 100 a; + 354 a,= 159
= a,=0.857, 3, = 1.586, a,=—0.0714
-y =0.857 + 1.586 x — 0.0714 x*and S = 3(y; — 0.857 —1.586 X; + 0.0714 x*)*= 0.2286

—- ¢ - —Interpolation ---m--- y=1633 X
—Aa—y=1+13x —o0— y=0.857+1.586x-0.0714x"2

o B N W A~ OO O




Miscellaneous Best-fit Curves

1.

Polynomials with Non-integer Exponents
For example, if y = f(x) = a, X", where n is known and is not an integer ... (1

Minimization of S = Y(y; — a, x;")* leads to a, = >x;"y/>x> ... )

. Polynomials with some coefficients equal to zero

For example, if the assumed y = ao + a;x% i.e.,a,=0,8,=0 ... 3)
Minimization of S = X(y; — ao — a;s X°)? with respect to a, and as
= (M) a +(IX°) a= Xy ()
and (2x°) ap+ (2x°) 3= X' TN )

. Reduction of Non-linear equations to linear forms

(i) Circle x*+ y? = r?, where r is the only unknown (to be determined from the best-fit equation).
Assuming X = x?, Y = y?* and R = r’reduces the equationto X + Y =R = Y = R-X ceereeen(6)
Minimization of S = X(Y;— R + X; )?with respect to R
S3TYi=mR-IX;=> mMR=IX+XY;=> mr’=Xx’+ Xy

~r=V{(Ex? + YyP)/m} N )
(i) y = f(x) = a, X", where a, and n are the unknowns (to be determined from the best-fit equation).

Reducing the equation to log(y) = log(a,) +nlog(x) ... ®)
and assuming X =log (x), Y = log(y) and A = log(a,) reduces the equationto Y=A +n X .........(9)
Minimization of S = Y(Y; — A — n X;)? with respect to A and n leads to
= (m) A+CEX)n=XY;y (10)
and XX) A+ X)) n=3XY, (11)

Once A and n are determined from Eqgs. (10) and (11), a, = e” is also known and is used in the

equation y = f(x) = a, x".

(iiy=ag+a/x (12)
Minimization of S = Y(y; — ao — a/x)* with respect to a, and a,
= (M) ap+ (XUx)a=2y; k)|
and (Z1/%) ap+ (Z1/%7) a1 = ZyilXi cern(14)
(iv) y = 1— e ** where b is the only unknown (to be determined from the best-fit equation).
Reducing the equation to log(1-y) =—bx .. (15)
and assuming Y = log(1-y) reduces the equationto Y = — b x e (16)

Minimization of S = (Y, + bx)? with respect to b = b =— X (xY)/(Zx?) ceeen(17)



10.

11.

Practice Problems on Interpolation and Curve Fitting
Given the (x,y) ordinates of six points (0,2.2) , (0.9,2.5) , (2.1,3.1) , (3.2,3.5) , (3.9,3.9) , (4.6,5.0), fit
(i) a straight line through origin [y = f(x)=a; x], (ii) a general straight line [y = f(x)= a, + a; X],

(iii) a parabola [y = f(x) = a, + a, x*] and (iv) a general parabola [y = f(x) = a, + a; x + a, x*] through
this set of data points. Calculate S and f(2.5) in each case.

Use Newton’s and Lagrange’s interpolation scheme to fit a general polynomial (n =5) [y =f(x) =ap +
a1 X +....+ a5 x’] through the data points mentioned in Problem 1. Calculate f(2.5) in this case.

The discharge (Q) through a hydraulic structure for different values of head (H) is shown in Table-1.
Calculate the discharge Q for H = 3.0 ft, using Newton’s Divided-Difference Interpolation Method.

Table-1 H(ft) |12]21]27] 4.0
Q (cft/sec) | 25 | 60 | 90 | 155

Using the least-square method, fit an equation of the form Q = 20 H" for the data shown in Table-1
(i) using the polynomial form (ii) using log (Q/20) = n log (H); i.e., Y = nX.

In each case, calculate the discharge Q for H = 3.0 ft.

Using the least-square method, fit an equation of the form Q = K H" [i.e., log Q = log K + n log (H)]
for the data shown in Table—1. Using the best-fit equation, calculate the discharge Q for H = 3.0 ft.
Table-2 shows the deflection (8) of a cantilever beam at different distances (x) from one end.
Calculate 5 for x = 10 ft using Newton’s Divided-Difference Interpolation Method.

Table_ x(f) 3] 6] 9]12
§(mm) | 3| 11| 22|35

Use the least-square method to fit an equation of the form & = ax" for the data shown in Table-2.
Using the best-fit equation, calculate & for x = 10 ft.

Derive a best-fit equation of the form 3 = a (1-cos nx/24) for the data shown in Table-2 and calculate
& for x = 10 ft using the best-fit equation.

The strength (S) of concrete at different times (t) is shown in Table-3. Calculate the strength S for t =
28 days, using Lagrange Interpolation Method.

t(days) | 3 | 7 | 14| 21
S(ksi) 113[18]23|25

Table-3

Use the least-square method to fit an equation of the form S = at® for the data shown in Table-3.
Using the best-fit equation, calculate S for t = 28 days.

Derive a best-fit equation of the form S = 3(1—e ™) [i.e., loge(1-S/3) = —at] for the data shown in
Table—3 and calculate S for t = 28 days using the best-fit equation.



Numerical Differentiation

Differentiation of Interpolated Polynomial

Given a set of data points (x;, yi) [i=0~m], a general polynomial (of m-degree) can be fitted by
interpolation. Once the equation of the polynomial is derived, differentiation at any point on the curve can
be carried out as many times as desired.

For example, the equation of the polynomial passing through (0,0), (1,2), (2,3) and (3,0) is

y=f(x) =—0.5 x>+ x*+1.5 x

Therefore, dy/dx = f/(x) = — 1.5 x*+ 2 x +1.5, d’y/dx* = f"(x) = — 3 x + 2, d®y/dx® = f""(x) =— 3

- F(0)= 15, f(1) =2, f(2) =— 0.5, f(3) = — 6; also, f(~1.5) = 4.875, f(1.5) = 1.125, f'(4.0) = — 14.5

(1) = -1, f"(1.5) = -2.5, f"(2) =— 4,f""(2) =— 3

The advantage of this method is that once the equation of the polynomial is obtained, differentiations
at any point (not only the data points) can be performed easily. However, the interpolation schemes may
require more computational effort than is necessary for differentiation at one point or only a few specific
points. Moreover, this method cannot be used for cases when the equation of the curve is not known.

The Finite Difference Method
Assuming simplified polynomial equations between points

of interest, diffentiations are written in discretized forms; e.g.,

at point B in Fig. 1

y' =dyldx = (y—Yo)/2h .. (D | | _ .
y'= d?yldx? = (Y, —2y1+yo)h? oo ) | h | h | h | h |
Higher order differentiations can be defined similarly. Fig. 1

Equations (1) and (2) above are called ‘Central Difference Formulae’ because they involve the points
on the left and right of the point of interest (i.e., point B in this case).

Differentiations can also be defined in terms of points on the right or on the left of the point of
interest, the formulae being called the ‘Forward Difference Formulae’ and the ‘Backward Difference
Formulae’ respectively. For example, the ‘Forward Difference Formula’ for y’(= dy/dx) at B is

Yo=0-yp)h 3)

while the ‘Backward Difference Formula’ is y'(y= (yi—Yo)/h .o @)

Despite several limitations, this method is used often in numerical solution of differential equations.

For example, for the given points (0,0), (1,2), (2,3) and (3,0)

Using Central Difference, f'(1) = (3-0)/(2x1) = 1.5, f'(2) = (0-2)/(2x1) = -1

/(1) = (3-2x2+0)/(1)* = -1, f(2) = (0 -2x3+2)/(1)* = - 4

Forward Diff. = /(1) = (3-2)/1 =1, f(0) = 2, Backward Diff. = f'(1) = (2-0)/1 = 2, '(3) = -3



Numerical Integration

1. Trapezoidal Rule:

In this method, the area is divided into n trapeziums, ’ :""'\_I"
connected by straight lines between (n+1) ordinates.
Area of the 1% trapezium, Ay = h (yo + y1)/2 Yo = 1 2| Y]

Area of the 2" trapezium, A, = h (y; + y,)/2 | | | | |

. Total area, A= A1+ A+ ....... +A=h{(yo+tyn)/2+ (y1+Yat...... +yn)} (1)

2. Simpson’s Rule:

In this method, the area is divided into n/2 parabolas, each obtained by interpolating between
three points. Using Lagrange’s interpolation, the equation of a parabola between points (=h, yp),
(0, y1), and (h, y») is given by

y = {(x-0)(x=-h)/(=h)(=2h)} yo +{(x+h)(x-N)/(h)(~h)} y1 +{(x+N)(x-0)/(Zh)(h)} Y-
= {x(x-h)/(2h*)} yo +{(W*=x*)/(h*)} y1 +{x(x+h)/(2h*)} y
Evaluating | y dx between —h and h, area under the curve is Ay = h (yo + 4y; + y2)/3

Similarly A, =h (y2 + 4y3+ya)/3, As=h (ys + 4ys+ Ve)/3,............ Anz =h (Yn2 + 4yna+ Yn)/3
. Total area, A= A1+ Ay +....... + Anp
=(3) {yo+tyn+4(yitYst .ot yn) +2 (Y2t Yot ........ + Vn2)} oo 2)

3. Gaussian Integration:

In this method, the basic integrations are carried out between —1 and +1; i.e.,

[F(€) de = TAF(E) = A F(E1) + Ao F(Es) + A F(Ea) + ... AnfED) 3)

1° polynomial, f(€) = ap+ a.& = [f(€) d& = 2a,+ 0, which is represented by

A f(E) = Aq (ap + a1&1), where [ag] = A1 =2, [a1] = &; = 0; this is exact up to 1° polynomial.

3° polynomial, f(€) = ap+ a;& + a,E? + as&> = [f(E) d& = 2a+ 0 + (2/3) &, + 0, which is represented by

Ai (&) + As F(E2) = Ar (Bo+ anfy + BxE° + @381°) + Ay (B0 + &ra+ 8, + a8,°), where

[l = Ar+ Ay =2, [ar] = Aiér+ At =0, [ag] = Aca’+ Ast " = 213, [as] = Ae®+ At ,° =0

Solving, A; =1, A, = 1, &, = 1/N3, &, = —1/4/3; this is exact up to 3° polynomial.

Similar values can be evaluated for higher order polynomials. In general, the n-point formula is exact
up to (2n-1)° polynomial. Once integrated between —1 and +1, functions can be integrated between any

other limits ‘a’ and ‘b’ by coordinate transformation.



Area, Centroid and Moment of Inertia using Numerical Integration
Calculate the area (A), centroidal x and y coordinates ( x and y) and moments of inertia (I, and l,) about

x and y axes for the shaded area shown in Fig. 1.

Exact Integration:
The exact results calculated by integration are the following (where all the | signs indicate integration

between x =1 and x = 2).

Area, A = [(e-1) dx = (€%-2) — (e-1) = 3.671 y y=e
XA =] x (€-1) dx = 5.889 [ x =2/

= x=1.604 x=1

y A= (e¥1)/2 dx = 11.302 %

— y=3.079 y=l ‘
ly =] x? (€*-1) dx = 9.727 = r, = (I,/A) = 1.628 X
I, = [ (€¥-1)/3 dx = 42.260 = r, = V(I/A) = 3.393 Fig. 1

Trapezoidal Rule (n = 2):
Area, A = 0.5x[{(e'-1) + (e~1)}/2 +(e**~1)] = 3.768
X A = 0.5x[{1x(e*=1) + 2x(e-1)}/2 + 1.5x(e**~1)] = 6.235 = x = 1.655
y A = 0.5x[{(e?-1) + (e"-1)}2 + (*-1)]/2 = 12.270 = y = 3.257
Iy = 0.5x[{1°x(e"-1) + 2°x(e’~1)}/2 + 1.5°x(e"*~1)] = 10.736 = r, = V(I,/A) = 1.688

I, = 0.5x[{(e*~1) + (°-1)}/2 + (e*°-1)]/3 = 49.962 = r, = V(I,/A) = 3.642

Simpson’s Rule (n = 2):
Area, A = 0.5/3x [(e'-1) + (e°~1) + 4x(e"*~1)] = 3.672
X A = 0.5/3x[1x(e’-1) + 2x(e*-1) + 4x1.5x(e"*~1)] =5.898 = x = 1.606
y A = 0.5/3x[(e%1) + (e*-1) + 4x (e*-1)]/2 = 11.361 = y = 3.094
I, = 0.5/3x[1°x(e’~1) + 2°x(e*-1) + 4x1.5°x(e"*~1)] = 9.768 = r, = V(I,/A) = 1.631

I, = 0.5/3x[(e’~1) + (e°~1) + 4x(e**~1)]/3 = 43.199 = r, = V(I,/A) = 3.430



Gauss Integration
It integrates a function between limits —1 to +1 using the following formula
FE) 0 = A T(E) e (1)
where [ is the integration between —1 to +1 and 3. is the summation over i.
Here &’s are the ordinates (between —1 and +1) where the function is evaluated and A;’s are the
corresponding coefficients. For integration with different ordinates (for varying accuracy of results), the

values of &; and A; from the following table are used.

n|  +§ A;

1 0.0 2.0

2| +057735 [ 1.0

+0.77460 | 0.55556
0.0 0.88889

+0.86114 | 0.34785
+0.33998 | 0.65215

+0.90618 | 0.23693
5| £0.53847 | 0.47863
0.0 0.56889

After getting &; and A;, functions can be integrated between a and b by coordinate transformation.
[FO) X = 0.5(0-2) A F(X) e, 2)
where x; = 0.5(b+a) + 0.5(b-a) &;

The Gaussian integration with n ordinates is exact for polynomials of degree (2n-1).

Example

Integrate the function cos(x) between 0 and /2.

Solution

Using n = 1, [f(x) dx = 0.5(n/2) [A; f(x1)] = 0.5(n/2) [2.0xc0s{0.5(n/2)+0.5(n/2)x0}] = 1.11072
Using n = 2, [f(x) dx = 0.5(n/2) [A; f(x1) + A, F(X2)]

= 0.5(n/2)[1.0xc0s{0.5(n/2)-0.5(n/2)x0.57735}+1.0xc0s{0.5(n/2)+0.5(n/2)x0.57735}] = 0.99847
Using n = 3, [f(x) dx = 1.0000072

[The exact solution is 1.0]



Practice Problems on Numerical Differentiation and Integration

. The horizontal ground displacement (S) recorded at different time (t) during an earthquake is shown in
the table below. Calculate the ground velocity dS/dt when t = 8.45 seconds using
(i) Forward Difference Formula, (ii) Backward Difference Formula, (iii) Central Difference Formula.
Using the Central Difference Formula, calculate the ground acceleration d*S/dt*when t = 8.50 seconds.

t (sec) | 8.40 8.45 8.50 8.55
S (ft) | 0.1757 | 0.1863 | 0.1994 | 0.2141

. The Bending Moment diagram of a beam is shown below. Draw the shear force and load diagrams
using Forward Difference Formula for A, Backward Difference Formula for G and Central Difference
Formula for the other points.

56 k' 9k’

18k’

E F G

A B C D
——=6@25=15 ——

. Carry out integrations between x = 1 and x = 2 for the following functions f(x) using Trapezoidal Rule,
Simpson’s Rule and Gauss Integration (with n = 2). Compare with exact results whenever possible.
(i) x +V(<*+1), (ii) X3 ¥, (iii) x log(x), (iv) €* sin(x), (v) tan™ x.
Calculate f'(1.5) and f"’(1.5) for each using Central Difference Formula and compare with exact results.

. Use Trapezoidal Rule to calculate the area shown in the figure below (enclosed by the peripheral points
A-E, A’-E’ shown with their x and y coordinates) as well as its centroidal coordinates.

ByT C(2,7.5)
0,7.1
(004 [ S—_D(4.6.1)

A(-2,5)
E(6,4.0)
AI
(-2,4.5)
/\D’ E'(6,3.2)
B\~ (4,1.9)
(0,1.2) C'(2,1.0) X

5. For the beam loaded as shown in the figure below, calculate the vertical reaction Rg at support B using

Simpson’s Rule [The summation of moments at A due to Rg and the distributed loads equal to zero].
3.0k/

1.6 kI" 25— 2.3 K/’

¥0.9 k/'

TN < L < T I

<" /77 B
|
T | |




Numerical Solution of Differential Equations

The Finite Difference Method
This method is based on writing the diffentiations /\
in discretized forms;e.g., at point B (Fig. 1) Yo Vi Y2 Y3 Ya
y' =dyldx = (y.—yo)/2h ... @) A B C D |E
y'= diyldx® = (Ya—2y1+yo)/h® ......... (ii) Il h | h | h | h |
Higher order differentiations can be defined similarly. | | Filg. 1 | |

Equations (i) and (ii) above are called ‘Central Difference Formulae’ because they involve the points
on the left and right of the point of interest. Differentiations can also be defined in terms of points on the
right or on the left of the point of interest, the formulae being called the ‘Forward Difference Formulae’
and the ‘Backward Difference Formulae’ respectively.

For example, the ‘Forward Difference Formula’ for y'(= dy/dx) at Bis y')= (Y2—yo)/h  .......... (iii)

while the ‘Backward Difference Formula’ isy'(y= (y:—Yo)h ... (iv)

After writing the differential equation by Finite Differences, solution is obtained by applying
boundary/initial conditions. The number of conditions is equal to the order of the differential equation.
Example 1
Solve the differential equation dy/dx + (sin x) y =0, withy(0) =1 (x=0to 1)

Solution
(a) The exact solution is y(x) = e ®**
(b) Taking two segments between x =0and x =1, h=(1-0)/2=0.5
Let, the values of y be y(0) =y, y(0.5) =y;, y(1) =y => yo=1
(1) Using the Forward Difference Formula
At x=0= (y1-Yo)/(0.5) + (sin 0) yo= 0 =y, = 1 (Exact = 0.8848)
At x=0.5= (y,y1)/(0.5) + (sin 0.5) y; =0 = y, = 0.7603 (Exact = 0.6315)
(2) Using the Backward Difference Formula
At x =0.5= (y1—¥0)/(0.5) + (sin 0.5) y; = 0 = y; = 0.8066
At x =1.0 = (y>-y1)/(0.5) + (sin 1.0) y,=0 = y, = 0.5678

(3) Using the Central Difference and Backward Difference Formulae
At x = 0.5, Central Difference = (y>—Yo)/(1.0) + (sin0.5) y;=0
At x = 1.0, Backward Difference = (y»—y1)/(0.5) + (sin 1.0) y,=0
Solving these equations with y, =1 = y; = 0.8451, y, = 0.5948



Example 2
Solve the differential equation dy/dx + y = X, with y’(0) = 0 (between x =0 and x = 2)

Solution
(a) The exact solutionisy(x) =x—-1+¢e *
(b) Taking four segments between x = 0 and x = 2, we have h = (2-0)/4 = 0.5
Let, y(0) = Yo, ¥(0.5) = y1, y(1) = Y2, ¥(1.5) = y5, ¥(2) = ya
(1) Using the Forward Difference Formula
Using the Forward Difference Formulaat x =0 = (y1—Y0)/0.5=0=> vy =Yy
Atx=0= (Y1-Y0)/(0.5) + yo=0 = yo=y1 =0 (Exact yo = 0, y; = 0.1065)
Similarly y, = 0.25, y; = 0.625, y, = 1.0625 (Exact = 0.3679, 0.7231, 1.1353)
(2) Using the Forward & Central Difference Formulae
Using the Forward Difference Formulaat x =0 = (y1—¥0)/0.5=0=> Yy =Yy
At x =0, Forward Difference = (y1—Y0)/(0.5) +yo=0=Yy,=y:=0
At x = 0.5, Central Difference = (y,—Yo)/(1.0) + y; = 0.5 = y, = 0.5. Similarly, y; = 0.5, y, = 1.5.

Example 3
Calculate shear force and bending moment at point (0) of the beam shown below, using d?M/dx® = —w(x),
M;=0,M,=0.
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Solution

Let, the bending moments at 3’ intervals be My~M,.

.My =0. Assuming imaginary point (5), CDF for M’y = 0 = Ms= M.

- d®M/dx? = —w(X) at (1) = (M¢—2M;+M,)/3? = -1, at (2) = (M;—2M,+M3)/3% = —1.5,

at (3) = (M,—2M3+M,)/3? = 1.5, at (4) = (M3—2M,+Ms)/3° = 0.5

S My=0,and Ms= M3 = Ms=M3=-2.25kK', M,=-18.0 k', M; =-47.25 k', My=-85.5K'.
Assuming imaginary point (1), M"¢= -2 = (M.;—2M+M,)/3*= -2 = M_, = -141.75 k'
~.Using CDF, Vo= (M-M_;)/6 = -15.75 k



Practice Problems on the Solution of Differential Equation by Finite Difference Method

1. Solve the following differential equations between x = 0~2 for the given boundary conditions. Also
compare with exact solutions whenever possible.
(i) y' + 2y = Cos (x), with y(0) = 0 [Exact y(x) = (2 Cos(x) + Sin(x) — 2e 2)/5]
(ii) y’ + 2y = Cos (x), with y’(0) = 0 [Exact y(x) = (2 Cos(x) + Sin(x) + e 2/2)/5]
(iii) y” + 4y = Cos (x), with y(0) = 0, y'(0) = 0 [Exact y(x) = (Cos(x) — Cos(2x))/3]

2. The acceleration of a body falling through air is given by a = dv/dt = 32—v. If v(0) = 0, calculate the
velocity v for t =0.2~1.0 @0.2 sec.

3. The acceleration of a body falling through a spring is given by a = dS/dt? = 32-2000 S. If S(0) = 0,
S'(0) = 10, calculate the displacement S for t = 0.02~0.10 @0.02 sec.

4. The governing differential equation for the axial deformation of an axially loaded pile is given by

(60000) w"— 100 W = 2.5

with boundary conditions w(0) = 0, w'(15) = 0.
Using 1, 2 and 3 segments, calculate w(15); i.e., the elongation at the tip of the pile using the Central
Difference Formula. Compare the results with the exact solution.

5. Calculate shear force and bending moment at points (1~4) for the cantilever beam shown below,

using d’M/dx’= w(x), M, = 0, M’y = 0. Compare the results with the exact ones.
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6. Calculate shear force at point (0) and bending moment at point (2) for the simply supported beam

loaded as shown below, using d*M/dx? = w(x), M = 0, M, = 0.
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7. Given the PDE &%/ox* + d°yldz°=1 and boundary conditions y = 0 at x= +1 and z= +2, calculate y

whenx=0and z=0.



Numerical Solution of Differential Equations
The Galerkin Method

In this method, a solution satisfying the given boundary conditions is assumed first. The parameters

of the assumed solution are determined by minimizing the residual using the least square method.
Example 1
Solve the differential equation y’ + 2y = Cos(x), with y(0) = 0
Solution
The differential equation with the given boundary condition has an exact solution
y(x) = [2 Cos(x) + Sin(x) — 2e *]/5
(i) The first assumed solution y(x) = a X = R(X) = (1+2x) a — Cos(x)
For solution between x = 0~1, the least-square method of minimizing R? over the domain
= {J(1+2x)? dx} a— {J(1+2x) Cos(x) dx} =0 [[ is integration between x = 0~1]
— a=0.370389 = y(X) = 0.370389 x
(i) The second solution y(x) = b x* = R(X) = 2(x+x%) b — Cos(X)
~.Minimizing R? over the domain = {4/(x+x%)? dx} b — {2f(x+x?) Cos(x) dx} = 0
— b =0.300439 = y(x) = 0.300439 X
(i) The third solution y(x) = a X + b x> = R(x) = (1+2x) a + 2(x+x?) b — Cos(x)
~.Minimizing R* over the domain with respect to both a and b =
{J(1+2x)? dx}a + {2)(1+2x)(x+x?) dx}b — {/(1+2x) Cos(x) dx} = 0
L£2[(x+x?)(1+2x) dx}a +{4](x+x%)? dx}b — {2J(x+x?) Cos(x) dx} =0
= a=0.872172, b = - 0.543598 = y(x) = 0.872172 x — 0.543598 x*

|—0—y=ax —m— y=px"2 —A— y=ax+bx*2 —e— Exact |
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Fig. 1: Numerical Solutions for y'+2y = Cos(x)




Practice Problems on the Solution of Differential Equation by Galerkin Method

Solve the following differential equations between x = 0~2 for the given boundary conditions. Also

compare with exact solutions.

(i) y' + (sin X) y = 0, with y(0) = 1 [Assume y(x) = 1+ a; X, Exact y(x) = e ©** ]

(ii) y'+ y = x, with y’(0) = 0 [Assume y(x) = a, X%, Exact y(x) =x—1 + e *]

(iii) y'+ 2y = Cos (x), with y’(0) = 0 [Assume y(X) = a, + a,x*, Exact y(x) =(2 Cos(x)+Sin(x)+e %/2)/5]

(iv) y” + 4y = Cos (), with y(0) = 0, y'(0) = 0 [Assume y(x) = a,x*, Exact y(x) = (Cos(x)—Cos(2x))/3]

The acceleration of a body falling through air is given by a = dv/dt = 32—v. If v(0) = 0, calculate the

velocity v for t = 0.2~1.0 [Assume v(t) = a; t, Exact v(t) = 32 (1-e)].

The acceleration of a body falling through a spring is given by a = dS/dt* = 32-2000 S. If S(0) = 0,

S'(0) = 10, calculate the displacement S for t = 0.02~0.10 [Assume S(t) = 10t + a, t*, Exact S(t) =

0.016 {1-Cos (44.72 t)} + 0.2236 Sin (44.72 1)].

The governing differential equation for the axial deformation of an axially loaded pile is given by
(60000) w"— 100 w = 2.5

with boundary conditions w(0) = 0, w'(15) = 0. Calculate w(15); i.e., the elongation at the tip of the

pile assuming (i) w(x) = a Sin (= x/30), (ii) w(X) = a; (x — x*/30). Compare the results with the exact

solution w(15) = —0.004052.

Draw the shear force and bending moment diagrams for the cantilever beam shown below, using

d?M/dx?= w(x), M(0)= 0, M’(0) = 0. Assume M(x) = a,x* and compare the results with the exact ones.
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Draw the shear force and bending moment diagrams for the simply supported beam loaded as shown
below, using d*M/dx® = w(x), M(0) = 0, M(12) = 0 [Assume M(x) = a Sin (t x/12)].
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Given the PDE &°y/ox? + 6%yloz? = 1 and boundary conditions y = 0 at x = +1 and z = +2,

calculate y when x =0 and z = 0 [Assume y(x) = a Cos (n x/2) Cos (n z/4)].



